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aDept. of Physics, Hiroshima University, Higashi-Hiroshima 739-8526, Japan
Using the Nambu–Jona-Lasinio (NJL) model we study chemical potential response of the pion and kaon masses
as a function of temperature and chemical potential, i.e., ∂m
∂µ
(T , µ). First, we obtain the responses assuming the
vector–axial vector coupling is zero (gV=0). Then, we include a non-zero gV and study the effects of gV on the
responses. We find that the behavior of ∂m
∂µ
for the pion is quite different from that for the kaon. It means that
∂m
∂µ
is much dependent on the mass difference between the two quarks, i.e., the u and s quarks (or even between
the u and d quarks). Our results may give a clue to future studies of ∂m
∂µ
on the lattice.
1. Introduction
While the structure of QCD at finite temper-
ature has been investigated in detail using lat-
tice QCD, little is known about matter at finite
baryon density due to the sign problem [1]. In
order to avoid this difficulty one can consider
2–color QCD [2,3], imaginary chemical potential
simulations [4], the response of a hadron mass to
changes in the chemical potential, ∂m
∂µ
and ∂
2m
∂µ2
,
at zero chemical potential (µ=0) [5], and so on.
Since the direct application of QCD at finite
temperature and chemical potential is not avail-
able in the present lattice QCD simulations, ef-
fective models of QCD are commonly used. One
of the most popular models is the Nambu–Jona-
Lasinio (NJL) model [6]. This model has been
widely used for describing hadron properties in
hot and/or dense matter [7].
In this work we present NJL model calculations
of ∂m
∂µ
for the pion and kaon. The primary goal
of our study is to get the same quantity which
is simulated on the lattice, i.e., ∂m
∂µ
(T , µ=0). Of
course, the direct comparison between the lattice
data and the present NJL model calculations is
rather difficult because ∂m
∂µ
on the lattice means
the variation of a screening mass, while it corre-
sponds to the variation of a dynamical mass in
the present work. Nevertheless, we can compare
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both results to each other qualitatively.
In contrast to the lattice simulations, we also
get ∂m
∂µ
at finite chemical potential within this
model. Then, this may give information on the
role of the light quark (the u and d quarks) chem-
ical potential and/or the strange quark chemical
potential in hot and/or dense matter. In addition,
we consider two cases for the pion. One is the pion
with the same u, d quark mass. The other is the
pion with non-degenerate u and d quark masses.
Since the present lattice QCD can not simulate
the characteristics coming from slightly different
u and d quark masses [8], the response of the pion
mass with different u and d quark masses can be
useful for future studies of ∂m
∂µ
on the lattice.
Due to the limitation of space we present only
the results with a non-zero vector–axial vector
coupling gV in this paper. Please refer to [9] for
basic formulae to get ∂m
∂µ
for the kaon and pion in
the NJL model and the results without gV . De-
tailed derivations including small corrections in
the figures in [9] will be given elsewhere [10].
2. The effects of a non-zero gV
One of NJL model calculations showed that the
K− mass at finite density with gV 6=0 is quite dif-
ferent from that with gV=0 [11]. In this section,
we show the chemical potential response of the
kaon mass by including a non-zero gV . In the case
of the pion, the effect of the non-zero vector–axial
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Figure 1. The responses of quark condensates
without gV (filled symbols) and with a non-zero
gV (open symbols): the u quark condensate (up-
per) and the s quark condensate (lower).
vector coupling is negligible [10].
We follow the formalism and the same param-
eters in [11]. First, in Fig. 1 let us show the re-
sponses of quark condensates with (and also with-
out) gV at µu = µd=0.02, 0.04 GeV, respectively.
The effect of a non-zero gV on the s quark con-
densate is much larger than that on the u quark
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Figure 2. ∂mK
∂µS
without gV (filled symbols) and
with a non-zero gV (open symbols): K
+ (upper)
and K− (lower).
condensate. This behavior can be understood
from a large difference in the s quark mass, i.e.,
ms=135.7 MeV in [9] and ms=88.0 MeV in the
present work. Since the response of the s quark
condensate becomes much larger than before, one
can expect that ∂mK
∂µ
for the kaon will be quite
different from the previous values.
In Fig. 2, we show ∂mK
∂µS
for K+ and K−.
3For comparison we also show the previous results
without gV . The comparison of
∂mK
∂µS
at each
point is rather meaningless because all the pa-
rameters including the quark masses are changed.
We would like to show only a qualitative behav-
ior of ∂mK
∂µS
in this figure. The mass of K+ is
slightly affected by the vector-axial vector inter-
action. On the other hand, the behavior of ∂mK
∂µS
for K− is much different from the previous one,
where gV=0. This result confirms the previous
NJL model calculations that the vector–axial vec-
tor interaction reduces the effects of the Fermi sea
and the K− mass is a smoothly decreasing func-
tion of density [12,11].
3. Concluding Remarks
Using the NJL model we have calculated the
chemical potential responses of the kaon and pion
masses, ∂mK
∂µ
and ∂mpi
∂µ
, at zero and finite chemi-
cal potential, and found that their behaviors are
quite different from each other. Our results show
that ∂m
∂µ
is much dependent on the mass difference
of two quarks, i.e., the mass difference between
the u and s quarks, or even between the u and
d quarks. Even at very small chemical potentials
∂mK
∂µ
is much different from ∂mpi
∂µ
.
Let us discuss some uncertainties in our calcu-
lations. First, the mass in our formalism means
the dynamical mass, while the screening mass is
simulated on the lattice. For the direct compar-
ison we may need the formalism to calculate the
screening mass in the NJL model as given in [13].
This may help us to properly interpret the lattice
data. Second, while the lattice simulations of ∂m
∂µ
show a large difference between in the confine-
ment phase and in the deconfinement phase [5],
we can not predict ∂m
∂µ
above the Mott tempera-
ture in the present work. This is because we have
excluded the imaginary part of the 1–loop po-
larization function in the dispersion relation and
considered only the region below the Mott tem-
perature [9,10]. Thus, the imaginary part of the
polarization function should be included for a de-
tailed analysis above the Mott temperature.
As a final remark, we confirm that ∂
2|〈q¯q〉|
∂µ2
is
negative within the present NJL model approach,
and find a clear quark mass dependence between
∂2|〈u¯u〉|
∂µ2
and ∂
2|〈d¯d〉|
∂µ2
both below and above the
Mott temperature [10]. The second order re-
sponse of the quark condensate ∂
2〈q¯q〉
∂µ2
at µ=0 can
also be simulated on the lattice [14], and its be-
havior is similar to the result from the present
NJL model calculation.
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